xi. Q' on the surface of the cylinder, the problem is to find the surface magnetic field (surface current density) everywhere when kR is large (R is the radius of the cylinder and k = 2u/X). The motivations for our study are the following * two: (i) The solution of the cylinder problem constitutes a central step in calculating the mutual coupling between two slots on the surface of a cylinder [l]- [8] .
LIST OF TABLES,
(ii) More importantly, the cylinder problem is a so-called "canonical problem" in GTD [9]- [11] . Once its solution is known, it may be generalized, by following the recipe of the GTD, to give the asymptotAc solution of the surface magnetic field on any convex, smooth, conducting surface.
The cylinder problem has an exact modal solution, which is in the form of an infinite series with each term containing an infinite integral [4) , [5] .
For a large kR, this solution is very slowly convergent and becomes less useful. Two asymptotic solutions exist in the literature: one given by lwang, Kouyoumjian, and Pathak (51, [6] (hereafter referred to as the OSU solution), and the other by Chang, Felsen, Hessel and Shmoys [3] , [4] (the PINY solution). Both are approximately deduced from the exact modal solution under the condition kR -c.
In the present paper, we offer a third asymptotic solution (the Ut solution), which gives the surface magnetic field everywhere from the source point to the deep shadow in a single expression, and is based on a classical work by Fock in 1949 (Chapter 12 of [12] ).
The organization of this paper is as follows. In Sections 2 through 4, the final form of the UI solution is stated and compared with those of OSU and PINY. In Section 5, the three asymptotic solutions are applied to the evaluation of the mutual admittance between two slots on a cylinder. Their results are compared with those calculated from the exact modal solutions [2], [7] , [8] . Section 6 describes the derivation of the UI solution. Finally, a conclusion is given in Section 7. Some formulas of Fock functions used in the text are. listed in the Appendix.
UI SOLUTION FOR THE SURFACE MAGNETIC FIELD
At point Q' on the surface of the cylinder (Fig. la) , there is a tangential magnetic dipole source described by a magnetic current density (for exp +jwt time convention).
where is the magnetic dipole moment (M • r ='0), and (r R,4 = O,z =0)
are the cylindrical coordinates of Q'. The problem is to determine H at another point Q = (R,4,z) on the surface under the assumption that kR is large.
First, let us introduce several parameters. According to GTD [91, [11], the dominant contribution of H at Q is the field on the surface ray from Q' to Q. The tangent, normal, and binormal of the surface ray are (t',-n' ,-b') at Q', and (t,-n,-b) at Q. Thus, (t,n,b) form a moving trihedron along a surface ray, pointing toward the longitudinal and two transverse directions. At any point on the surface ray, the curvature of the conduct ig surface is described by two parameters:
Rt = the radius of curvature in the direction of t (or that in the longitudinal direction of the surface ray), and Rb = the radius of curvature in the direction of b (or that in the transverse direction of the surface ray).
On a convex surface, both Rt and R are nonnegative.
For the present case of 1t conducting cylinder, one has 
which is the arclength normalized by k and Rt. Note that $ 0 defines the lit region (6 = n/2), '< 1 defines the penumbra region, .and >> 1 defines the deep shadow. Our solution is uniformly valid for all E, > 0.
Due to the point source in (2.1), our final asymptotic solution for the magnetic field on the surface is given by
where the transverse component is the use of (A-12) through (A-16) in the Appendix in (2.6) leads to
When (2.8)'is substituted into (2.6a), we find that H in (2.6a) is identical to the exact solution of the surface field due to a magnetic dipole on a flat ground plane [4] , [13] . 
In terms of the planar solution in (2.8a), we may rewrite (2.lOa) as
The result in (2.10) is most interesting, and in fact somewhat surprising.
The strface ray traveling in direction 0 = 7/2 ( Fig. 1) 
where A and B are constants independent of s and R. Thus, for large ks, I b on a cylinder is stronger than that on a plane. Such a phenomenon was first reported by Hasserjian and Ishimaru [14] , and later by the authors of [4] and [7] . Those previous workers, however, have not explained the phenomenon in terms of R.b, the radius of curvature in the binomial direction, as we did in (2.6b).
As a third limiting case, let
which occurs when observation point Q is in the deep shadow. Making use of (A-7) through (A-11), we have from (2.6) that
Therefore, in the deep shadow, the field is a slow wave and decays exponentially along the surface ray. 
40 (2.17) and (2.16b) becomes
(2.18c)
Note that in the limit kR -o, (2.17) and (2.18) recover the exact solutions for dipoles on a planar surface.
COMPARISON WITH OSU SOLUTION
For the same problem of a magnetic dipole on a cylinder, an asymptotic (GTD) solution was derived from canonical problems at OSU. That solution,
given in Section D of [5] or Eqs. (6.64) and (6.80) of [11), can be also written in the form of (2.6a) with
For the extreme case 0 (either kR 4 o or 0 r/2), the use of (2.7) in "(3.1) leads to
For the other extreme case, o, the use of (A-7) and (A-8) in (3.1) leads to an Hb.identical to that in (2.11a), and
The OSU solutions in (3.1), (3.2), and (3.3) should be compared with our solutions in (2.6), (2.8), (2.10) and (2.14). Several remarks are in order.
(i) In the limit kR + -, our solution in (2.8) is identical to the known exact solution. On the other hand, Hb in (3.2a) recovers only the term of (ks) , but not the terms of (ks) -or (ks) -. The latter terms are important for the field near the source. For 1tt in (3.2b), a factor 2 is missing in the term of (ks) -2 , as pointed out in [5] .
Note the corresponding notations in [5] and here:
Rt, and t -s.
(ii) For a large but finite kR, the two solutions in (2.6) and (3.1) do not agree. In the penumbra region ( < 1), the UI solution in (2.6) should be more accurate because of (i). In the deep shadow, both /s are given by (2.14a), but tile two solutions for H t in (2.14b) and (3.3) are completely different. in Sections 4 and 6 we will show that (2.14b), not (3.3), agrees with the PINY solution, and gives more accurate numerical results.
(iii) Because of the observations in (i) and (ii), it appears that Ht given in (3.1b) is not accurate.
(iv) For a fixed kR and in the direction 0 = 7/2, 11 b in (3.1a) becomes asymptotic for a large ks,
ks which should be compared with the UI solution in (2.12).
We note that the term, attrfbuted to the curvature in the binormal direction of the surface ray, is absent in (3.4).
(v) For acoustic diffraction by a cylinder, the functions (v,u) arise when the boundary condition is (hard, soft). We note from the OSU solution in (3.1) that Itb depends on the "hard" function v, while Ht depends on the "soft" function u. Such a separation, however, is not possible for the UI solution in (2.6).
(vi) In Section C of [5] , Hwang and Kouyoumjian modified their solution of H t In (3.1b) to read
Here the additional factor T for the present cylinder problem is cylinder may be resolved into an axial dipole and a circumferential dipole.
We may calculate fields due to each dipole separately, and later superimpose them for the original solution. However, if formulas in (3.5) and (3.1a) are used, such a superposition procedure does not recover the original solution.
Because of the above difficulties, we will use (3.1b), not (3.5), for all the subsequent discussion of the OSU solution. (In [3] , [4] it is (3.5), not (3.1b), that was usbd in all the numerical calculations.)
We would like to emphasize that the OSU solution represents one of the very first efforts to apply the ray technique to the surface-field calculation.
Their solution, while inadequate in some situations, has produced many useful results [10], (11] , and more importantly, has laid a conceptual framework from which the more refined works, e.g., PINY and UI solutions, are deduced. There are several slightly different formulas given in [4] . The ones presented here are the "full formulas" taken from Eqs. (101) and (111) of [4] .
Note the corresponding notations in [4] and here: D -s, (1) In the limit kR -, the PINY solution recovers the exact solution L.
______________
In addition to the three asymptotic solutions of Y 1 2' there exists an expression of Y in terms of cylindrical eigenfunctions as given in Eq. (8) of [2] . Within the "one-mode" approximation, this expression is exact, and contains an infinite series with each term in the series being an infinite integral. This expression has been evaluated by two different numerical techniques. We call the one reported in [2] , [7] the Hughes modal solution, and the one in As discussed in Section 2, the surface ray propagating in the direction 0 = 11/2 on a cylinder has a stronger H b than its counterpart on a plane.
There is a misprint in the definition of The correct one should read b = sin-i (b/2p).
It should be also pointed out that the corresponding definition used in (5.2) is b = (b/2po) . For numerical data presented in this paper, the two slightly different definitions of b have negligible effects. Since Y12 along the E-plane (0 = 0) is proportional to 11 b this phenomenon is also seen in Figure 8 , where we plot the ratio -YI 2 on a cylinder with radius R Y 1 2 on a plane
,as'a function of R for z 0 8" and 0-= 0. We note that the convergence rate of the cylindrical Y to the planar Y is not as rapid as one would 12 12 normally expect. For example, at kR = 50, the cylindrical YI2. is still about 10 percent higher than the planar one. Fig. 1 , the cylinder may be replaced by, for example, a sphere of radiusR t . In other words, our problem is then to solve the radiation of a magnetic dipole on a peifectly conducting sphere.
In studying wave propagation around the earth in 1949, Fock considered the radiation of a horizontal electric dipole on a lossy dielectric sphere [12] .
He first obtained an exact solution in terms of spherical harmonics, and next extracted the dominant high-frequency terms from it. By the duality principle, Fock's solution can be converted to the one that is sought by us. We will give below the solution after the conversion is done.
Consider a magnetic dipole in the x-direction (M = x), located on a perfectly conducting sphere of radius R t (Fig. 9) . The total field can be derived from a magnetic Hertz potential U and an electric Hertz potential V.
The asymptotic solutions of U and V are found to be [from (7.09) and (7.10) on p. 252 of [12] ]*
The divergence factor DF of the surface ray on a sphere has been removed in (6.7)
Then (6.4) and (6.6) become identical to (2.6).
It should be mentioned that expressions similar to (6.4) were given by Wait in 1956 [15] , and by Hasserjian and Ishimaru in 1962 [14] , [16] . Their expressions contain only (ks) terms, and therefore only the "hard" function v(g) is used.
CONCLUSION
For a given magnetic dipole located on a perfectly conducting cylinder, the surface magnetic field is given in (2.6), which is an approximate asymptotic solution valid for. large kR, and may be used for any observation point on 'the cylinder. The derivation of (2.6) is based on the following observation: the dominant contribution of the surface field depends on the curvature of the surface in the longitudinal direction of the ray, not that in the transverse direction. Hence, we simply adopt the classical solution of Fock for a dipole on a sphere for the present cylinder problem. To include the effect of the curvature in the binormal direction of the surface ray, we have arbitrarily replaced a* factor 1 of the Fock solution in (6.5) by that in (6.6). A rigorous justification of this replacement is yet to be found. A remarkable feature of the solution in (2.6) is that in the limit kR , it becomes identical to the known exact solution of a dipole on a flat ground plane. The application of (2.6) to the mutual admittance calculation yields excellent numerical results, and therefore (2.6) may be regarded as an improvement over two previous asymptotic solutions. A future research problem is to generalize (2.6), according to the recipe of GTD, so that it may be used for an arbitrary convex conducting surface.
APPENDIX FOCK FUNCTIONS
In thia appendix we define and list some useful formulas of the functions Wl(t), w 2 (t), v(9), u(9), and vl( ). These functions are commonly known as Fock functions.
.(i) Definition: For a complex t and a real L,
where integration contours r and r 2 are sketched in Figure 10 , and w2(t) is the derivative of w 2 (t).
(ii) Zeros of w 2 (t) and w2(t): They are given by t = t n Ie-'j/ , and t = t' = It'Ie-" is defined by Fock in p. 207 of [12] , and it reads (after replacing i by -j) (viii) Numerical evaluation: For C > C0) the residue series representation with the fiist ten terms in the summation may be used.
For C _ %0 the small argument asymptotic expansion with the first five terms may be used. It has been indicated in [4] that the smoothest crossover is obtained if = 0.6.
In the present study, we set = 0.7, where the difference in the two representations is as follows. 
